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tations (H, f) of the Kronecker quiver such that End(H, /) = CI 
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1. Introduction 

A bounded operator T on a Hilbert space H is said to be strongly 
irreducible if T cannot be decomposed to a non-trivial (not neces- 
sarily orthogonal) direct sum of two operators, that is, if there exist 
no non-trivial invariant (closed) subspaces M and N of T such that 
M n N = and M + N = H. A strongly irreducible operator is an 
infinite-dimensional analog of a Jordan block. The notion of strongly 
irreducible operator was introduced by F. Gilfeather in [GiJ . We refer 
to good monographs [JWlj and |JW2j by Jiang and Wang on strongly 
irreducible operators. 

On the other hand Gabriel |Gaj introduced a finite-dimensional (lin- 
ear) representations of quivers by attaching vector spaces and linear 
maps for vertices and edges of quivers respectively. A finite-dimensional 
indecomposable representation of a quiver is a direct graph generaliza- 
tion of a Jordan block. We regard indecomposable representation of 
a quiver on a Hilbert space as an infinite-dimensional generalization 
of both a Jordan block and a finite-dimensional indecomposable rep- 
resentation of a quiver. We study several classes of indecomposable 
representations of quivers on infinite-dimensional Hilbert spaces and 



their relation. Many examples of indecomposable representations of 
quivers are constructed using strongly irreducible operators. Moreover 
some problems in operator theory are rephrased in terms of represen- 
tations of quivers. 

Remember that we studied the relative positions of subspaces in a 
separable infinite-dimensional Hilbert space in |EW1] after Nazarova 
[NaT], Gelfand and Ponomarev |GP] . We shall describe a close rela- 
tion between the relative positions of subspaces in Hilbert spaces and 
Hilbert representations of quivers in the final section. 

In our paper we only need the beginning of the theory of repre- 
sentations of quivers on finite-dimensional vector space, for example, 
see Bernstein-Gelfand- Ponomarev |BGPj . Donovan- Freislish jDF] , V. 
Dlab-Ringel [DR], Gabriel-Roiter [GR], Kac [Ka], Nazarova [Na2] .... 

We should remark that locally scalar representations of quivers in 
the category of Hilbert spaces were introduced by Kruglyak and Roiter 
[KRo] . They associate operators and their adjoint operators with ar- 
rows and classify them up to the unitary equivalence. They proved an 
analog of Gabriel's theorem. Their study is connected with representa- 
tions of *-algebras generated by linearly related orthogonal projections , 
see for example, S. Kruglyak, V. Rabanovich and Y. Samoilenko [KRSJ 
and Y. P. Moskaleva and Y. S. Samoilenko |MSj . 

In |EW3] . we constructed an indecomposable infinite-dimensional 
Hilbert representation for any quiver whose underlying undirected graph 
is one of extended Dynkin diagrams A n (n > 0), D n (n > 4), E 6 ,E 7 
and E 8 , using the unilateral shift S. If we replace the unilateral shift 
S there by any strongly irreducible operator, then the corresponding 
Hilbert representation is still indecomposable by the same calculation. 
This fact also suggests us to use strong irreducible operators to con- 
struct indecomposable Hilbert representations of quivers. 

We recall infinite-dimensional representations in purely algebraic set- 
ting. In |Auj Auslander found that if a finite- dimensional algebra is 
not of finite representation type, then there exist indecomposable mod- 
ules which are not of finite length. Ringel |Rilj developed a general 
theory of infinite-dimensional representations of tame, hereditary alge- 
bra. There exist many works after them and they form an active area 
of research in representation theory of algebras. 

In our paper we study infinite-dimensional Hilbert (space) represen- 
tations of quivers using operator theory. We note that there exist subtle 
difference among purely algebraic infinite-dimensional representations 
of quivers, infinite-dimensional Banach (space) representations of quiv- 
ers and infinite-dimensional Hilbert (space) representations of quivers. 
We also note that the analytic aspect of Hardy space is quite important 
in our setting. For example, if the endomorphism algebra of a Hilbert 
representation of a quiver is isomorphic to the Hardy algebra H°°(T), 
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then the representation is indecomposable, because the the Hardy al- 
gebra H°°(T) has no non-trivial idempotents by the F. and M. Riesz 
Theorem. This is indeed the case of the Hilbert representation corre- 
sponding to the unilateral shift operator. In this way we believe that 
the analytic operator algebra theory will come in here. 

We shall show two kinds of constructions of quite non-trivial inde- 
composable Hilbert representation (H, /) of the Kronecker quiver such 
that End(H, /) = CI which is called transitive. One is a perturbation 
of a weighted shift operator by a rank-one operator. This is an analogue 
of a construction of indecomposable representations using linear func- 
tionals on the space K(x) of rational functions over an algebraically 
closed field K studied in representation theory of algebras, for exam- 
ple, see Ringel |Ri2j . Fixmann [Fj], Okoh |Ok] and Dean- Zorzitto |DZ] . 
We replace the rational function field K(x) by Hardy spaces H°°(T) or 
H 2 (T) properly in our setting . We have an analogy of ring extension 
between (C[x] C C(x)) and (C[x] C H°°(T)) in mind. Our analogy is 
supported by an important fact that both the rational function field 
C(x) and the Hardy algebra H°°(T) have no non-trivial idempotents. 
But we warn the readers of subtle differences among them. 

The other construction of transitive representations of the Kronecker 
quiver is given by a modification of an unbounded operator used by 
Harrison, Radjavi and Rosenthal |HRR] to provide a transitive lattice. 

2. Hilbert representations of quivers 

A quiver T = (V, E, s, r) is a quadruple consisting of the set V of 
vertices, the set E of arrows, and two maps s, r : E — > V, which 
associate with each arrow a G E its support s(a) and range r(a). We 
sometimes denote by a : x — > y an arrow with x = s(a) and y = r(a). 
Thus a quiver is just a directed graph. We denote by |T| the underlying 
undirected graph of a quiver T. A quiver T is said to be connected if 
|T| is a connected graph. A quiver T is said to be finite if both V and E 
are finite sets. A path of length m is a finite sequence a = . . . , a m ) 
of arrows such that r(«fc) = s(ctk+i) for k = 1, . . . , m — 1. Its support 
is s(a) = and its range is r(a) = r(a m ). A path of length m > 1 

is called a cycle if its support and range coincide. A cycle of length 
one is called a loop. A quiver is called acyclic if it contains no cycles. 

Definition. Let V = (V, E, s, r) be a finite quiver. We say that (H, f) 
is a Hilbert representation of V if H — (H v ) v <zy is a family of Hilbert 
spaces and / = (f a )a^E is a family of bounded linear operators such 
that f a : H s ( a -) — > H r ( a ) for a G E. 

Definition. Let V = (V, E, s, r) be a finite quiver. Let (H, f) and 
{K,g) be Hilbert representations of T. A homomorphism T : (H, /) — > 
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(K, g) is a family T = (T v ) ve y of bounded operators T v : H v — )■ 
satisfying, for any arrow a £ E 

The composition T o 5 of homomorphisms T and S 1 is defined by the 
composition of operators: (T o S) v = T V S V for v £ V . Thus we have 
obtained a category HRepiT) of Hilbert representations of T 

We denote by Hom((H, f), (K, g)) the set of homomorphisms T : 
/) (K, g). We denote by End(H, f) := ffom((ff, /), (H, /)) the 
set of endomorphisms. Then we can regard End(H, f) as a subalgebra 
of ® veV B{H v ). 

In the paper we carefully distinguish the following two classes of 
operators. A bounded operator A on a Hilbert space is called an idem- 
potent if A 2 = A and A is said to be a projection ii A 2 = A = A*. We 
denote by 

Idem(H, f) := {T G /) | T 2 = T} 

= {T= (T v ) vev e End(H, f) | T 2 = T v (for any v e V)} 

the set of idempotents of End(H,f). Let = (0„) ve y be a family of 
zero operators 0„ and / = (I v ) ve y be a family of identity operators I v . 
The both endomorphisms and / are in Idem(H, /). 

Let T = (V,E,s,r) be a finite quiver and (H,f), {K,g) be Hilbert 
representations of T. We say that (H,f) and (K,g) are isomorphic, 
denoted by (-ff, /) = (K, g), if there exists an isomorphism ip : (H, f) — > 
(K, g), that is, there exists a family ip = (y?i,)<,ev of bounded invertible 
operators (p v G B(H V , K v ) such that, for any arrow a G E, 

Hilbert representations (if, /) and (K, g) of Y are said to be relatively 
prime if Ham((H, f), (K, g)) = and Hom((K, g), (H, /)) = 0. If two 
non-zero Hilbert representations (-ff, /) and (K, g) are relatively prime, 
then they are not isomorphic. 

We say that (-ff, /) is a finite-dimensional representation if H v is 
finite-dimensional for all v G V. And (_ff, /) is an infinite-dimensional 
representation if H v is infinite-dimensional for some v G V. 

We shall recall a notion of indecomposable representation in [EW3] , 
that is, a representation which cannot be decomposed into a direct sum 
of smaller representations anymore. 

Definition. (Direct sum) Let T = (V,E,s,r) be a finite quiver. Let 
(K,g) and (K',g') be Hilbert representations of T. Define the direct 
sum {H,f) = (K,g)(B(K',g r )by 

H v = K V ®K' V ( for v G V) and f a = g a ®g' a { for a G E). 

We say that a Hilbert representation (H, f) is zero, denoted by 
{H, f) = 0, if H v = for any v £ V. 
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Definition. (Indecomposable representation) A Hilbert representation 
(H, f) of T is called decomposable if (H, f) is isomorphic to a direct sum 
of two non-zero Hilbert representations. A non-zero Hilbert represen- 
tation (H, f) of T is said to be indecomposable if it is not decomposable, 
that is, if (H, f) = (K, g) © (K', g') then (K, g) = or (K', g>) = 0. 

The following proposition is used frequently to show the indecom- 
posability in concrete examples. 

Proposition 2.1. QEW31 Proposition 3.1.]) Let (H,f)be a Hilbert 
representation of a quiver T. Then the following conditions are equiv- 
alent: 

(1) (H, f) is indecomposable. 

(2) Idem(H,f) = {0,I}. 

Remark. (H, f) is decomposable if and only if there exist families 
K = (K x ) x< zy and K' = (K x ) x( zv of closed subspaces K x and K' x of H x 
with K x n K' x = and K x + K' x = H x satisfying K and K' are non-zero 
such that f a K x C K y and f a K' x C K' y for any arrow a : x — > y. 

The indecomposability of Hilbert representations of a quiver is an 
isomorphic invariant, but it is not a unitarily equivalent invariant. 
Therefore we cannot replace the set Idem(H, f) of idempotents of en- 
domorphisms by the subset of idempotents of endomorphisms which 
are consists of projections to show the indecomposability. 

Example 1. Let H = C 2 . Fix an angle 6 with < 6 < n/2. Consider 
one- dimensional subspaces H\ = C(1,0) and H 2 = C(cos 9, sin 6) of H 
spanned by vectors (1, 0) and (cos 9, sin 9) in H . Consider the following 
quiver T : 

Oil Ol2 

°1 > °0 < °2 

Define a Hilbert representation (H, /) of T by H — (i/i)j=o,i,2 and 
canonical inclusion maps /j = f ai : Hi — >■ H for i = 1,2. Then the 
Hilbert representation (H, f) is decomposable. But if an idempotent 
P = (P v ) v ev £ End(H, f) satisfies that P v is a projection for any 
v £ V, then P = or P = J. In fact, since Hq = H\ + H2 and 
Hi H H 2 = 0, for any x & H Q , there exist unique Xi G H\ and £2 G i?2 
such that x = X\ + x 2 . There exists an idempotent T : iJ — > i/ 
such that T x = Xi. Put Ti = id : Hi ^ Hi and T 2 = : H 2 — > H 2 . 
Then T = (7^=0,1,2 is an idempotent in End(H, f) such that T ^ 
and T j£ I. Hence (H, f) is decomposable. But take any idempotent 
P = (P v ) v< zy € End(H, f) such that P v is a projection for any v E V. 
Then Po-^i C Hi and Po-^2 C H 2 . Let P« be the projection of H 
onto ifj for i = 1,2. Since Po is self adjoint, Po commutes with Ei and 
P 2 . Since the C*-algebra generated by E x and E 2 is B(H ) = M 2 (C) 
and Po is a projection, P = or P = L If P = 0, then Pi = and 
P 2 = 0. Similarly if P = /, then P x = I and P 2 = P Hence P = 
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or P = I. We remark that the system (H ; Hi,H 2 ) of two subspaces is 
isomorphic to 

(C 2 ; C © 0, © C) (C; C, 0) © (C; 0, C). 

Hence the relative position of two subspaces (Ho; Hi, H 2 ) is decompos- 
able. See |EW3l Remark after Proposition 3.1.]. 

Definition. A non-zero Hilbert representation (H, f) of a quiver T is 
called irreducible if P = (P v )vev £ End(H, f) is an idempotent and 
P v is a projection for any v £ V, then P = or P = L A non- 
zero Hilbert representation (if, /) is not irreducible if and only if there 
exist families K = (K x ) xe y and K' = (K' x ) xe y of closed subspaces 
K x and i^, of H x with J_ K' x and iT x + ^ = H x satisfying K 
and K' are non-zero such that f a K x C and C K' for any 

arrow a : x — y y. For example, the Hilbert representation (H, f) in 
Example 1 above is irreducible but is not indecomposable. We should 
be careful that irreducibility is a unitarily invariant notion and not a 
isomorphically invariant notion. 

We recall the following elementary but fundamental relation between 
Hilbert representation theory of quivers and single operator theory: 

Theorem 2.2 QEW3J). Let Li be one-loop quiver, so that Li has one 
vertex 1 and one arrow a : 1 — > 1. The underlying undirected graph 
is an extended Dynkin diagram Aq. For a bounded operator A on a 
Hilbert space H , consider a Hilbert representation (H A , f A ) of Li such 
that H A = H and f A = A. Then the Hilbert representation (H A , f A ) 
is indecomposable if and only if A is strongly irreducible. The endo- 
morphism ring End(H,f) can be identified with the commutant {A}'. 
Moreover two bounded operators A and B are similar if and only if the 
corresponding Hilbert representations (H A ,f A ) and (H B , f B )are iso- 
morphic. 

Therefore it is fruitful to regard the study of indecomposable Hilbert 
representations of general quivers as a generalization of the study of 
strongly irreducible operators. 

Example 2. Consider one-loop quiver Li as above. Let H = £ 2 (N) 
and S G B(H) the unilateral shift. Then (H s , f s ) is indecomposable. 

Definition. Let T = (V, E, s, r) be a finite quiver and (H, f) a Hilbert 
representation of T. A Hilbert representation (K, g) of T is called a 
subrepresentation of (H, f) if for any vertex v £ V, K v is a (closed) 
subspace of H v and for any edge a £ E, g a = f a \K s(ay In particular 
we have f a (K s{a) ) C K r{a) . 

Definition. A non-zero Hilbert representation (H, f) of a quiver T is 
called simple if (H, f) has only trivial subrepresentations and (H, /). 
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A Hilbert representation (if, f) of T is called canonically simple if 
there exists a vertex v Q G V such that H vo — C, H v = for any other 
vertex v ^ v and / a = for any a & E. It is clear that if a Hilbert 
representation (if, f) of T is canonically simple, then (if, f) is simple. 
It is trivial that if a Hilbert representation (if, f) of T is simple, then 
(if, f) is indecomposable. 

We can rephrase the invariant subspace problem in terms of simple 
representations of a one-loop quiver. Let L\ be one-loop quiver, so 
that Li has one vertex 1 and one arrow a : 1 — > 1. Any bounded op- 
erator A on a non-zero Hilbert space if gives a Hilbert representation 
(if A , / A ) of Li such that if A = if and = A. Then the operator 
A has only trivial invariant subspaces if and only if the Hilbert repre- 
sentation (H A , f A ) of Li is simple. If if is one-dimensional and A is a 
non-zero scalar operator, then the Hilbert representation (if A , f A ) of 
L\ is simple but is not canonically simple. If if is finite-dimensional 
with dim if > 2, then the Hilbert representation (H A ,f A ) of L\ is 
not simple, because any operator A on if has a non-trivial invariant 
subspace. If if is countably infinite-dimensional, then we do not know 
whether the Hilbert representation (if A , f A ) of L\ is not simple. In fact 
this is the invariant subspace problem, that is, the question whether 
any operator A on H has a non-trivial (closed) invariant subspace. 

Definition. A Hilbert representation (H, /) of a quiver T is called 
transitive if End(H, f) = CI. It is clear that if a Hilbert representation 
(if, /) is canonically simple, then (if, /) is transitive. If a Hilbert 
representation (if, /) of T is transitive , then (if, /) is indecomposable. 
In fact, since End(H, f) = CI, any idempotent endomorphism T is 
or i. In purely algebraic setting, a representation of a quiver is called 
a brick if its endomorphism ring is a division ring. But for a Hilbert 
representation (if, /) of a quiver, End(H, f) is a Banach algebra and 
not isomorphic to its purely algebraic endomorphism ring in general, 
because we only consider bounded endomorphisms. By Gelfand-Mazur 
theorem, any Banach algebra over C which is a division ring must 
be isomorphic to C. Therefore the reader may use "brick" instead of 
"transitive Hilbert representation" if he does not confuse the difference 
between purely algebraic endomorphism ring and End(H, f). 

Remark. A lattice C of subspaces of a Hilbert space if containing 
and if is called a transitive lattice if 

{A G B(H) | AM CM for any M G £} = CI. 

See, for example, Radjavi- Rosenthal \RR\ 4.7.]. 

Let C = {0, Mi, M 2 , . . . , M n , if} be a finite lattice. Consider a n 
subspace quiver R n = (V,E,s,r), that is, V = {1, 2, . . . , n, n + 1} 
and E = {ctk \ k = 1, . . . ,n} with s(ojfc) = k and r(afc) = n + 1 for 

= 1, . . . ,n. Then there exists a Hilbert representation (K, f) of R n 
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such that Kj, = K n+ \ = H and f ak : — > H is an inclusion 
for = 1, . . . ,n. Then the lattice £ is transitive if and only if the 
corresponding Hilbert representation (H, f) is transitive. This fact 
guarantees the terminology "transitive" in the above. 

Example 3. Let L 2 be 2-loop, that is, L 2 is a quiver with one vertex 
{v} and two loops {a, f3}. Let S be the unilateral shift on £ 2 (N). Define 
a Hilbert representation (H, f) of L 2 by H v = £ 2 (N) and f a — S, fp — 
S*. Then (H,f) is simple and transitive but {H,f) is not canonically 
simple. In fact, since End(H, /) is given by the commutant {S, S*}' and 
{S, S*}' = CI, (H,f) is transitive. Any subrepresentation of (H, f) is 
given by the common invariant subspaces of S and S*, which is or 
£ 2 (N). Hence any subrepresentation of (H, f) is or (H, f). 
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Example 4. Let K 3 = (V, E, s, r) be a 3-Kronecker quiver, so that 
V = {1,2}, E = {«i, 02,03} and s(«j) = l,r(«j) = 2 for i = 1,2,3. 
Let S be the unilateral shift on £ 2 (N). Define a Hilbert representation 
(H, f) by H X = H 2 = £\n) and h = S, f 2 = S*, f 3 = I. Then the 
Hilbert representation (H, f) is simple but not canonically simple. 

Example 5. A bounded operator^ on a Hilbert space H is called 
unicellular if the lattice of invariant subspaces of A is totally ordered. 
See |RR] for unicellular operators. For example, the unilateral shift S 
is unicellular. Any non-zero unicellular operator is strongly irreducible. 
Let L\ be one-loop quiver, so that L\ has one vertex 1 and one arrow 
a : 1 — > 1. Consider a Hilbert representation (H A , f A ) of L\ such that 
H A = H and f A = A. If A is unicellular, then Hilbert representation 
(H A , f A ) of Li is indecomposable. Let L 2 be 2-loop, that is, L 2 is 
a quiver with one vertex {v} and two loops {a, (3}. Define a Hilbert 
representation (if, /) of L 2 by H v = H and f a — A, f@ = A* . If A is a 
unicellular operator, then (H, /) is simple. In fact any subrepresenta- 
tion (K,g) is given by a common invariant subspace M of A and A*. 
Then M and M is an invariant subspace of A. Since A is unicellular, 
M = or M = H. 

We summarize relations among several classes of Hilbert representa- 
tions of quivers. 




(irreducible) 



Example 6. Consider 2-loop quiver L 2 , that is, L 2 is a quiver with 
one vertex {v} and two loops {a, /3}. Define H v = C 2 and 

fa = A '= (o o) ' h = B := (o o) • 

Then the Hilbert representation (H, f) is transitive but is not simple. 
Since 

End(H, f) = {Te M 2 (C) | TA = AT and TB = BT} = CI, 

(H, /) is transitive. Define K v = C©0 and g a = idx v and g@ = 0. Then 
(K, g) is a subrepresentation such that (K, g) 7^ and (X, (?) 7^ (if, /). 
Therefore (if, /) is not simple. 

Example 7. Consider 2-loop quiver L 2 , that is, L 2 is a quiver with 
one vertex {v} and two loops {a, (3}. Define H v = C 2 and 

(iS). ;)• 

Then the Hilbert representation (H, /) is transitive and simple. In fact 
since 

End(H, f) = {T e M 2 (C) | = AT and TC = CT} = CI, 

(H,f) is transitive. Let (K,g) be subrepresentation of (H,f). Since 
f\~„ is a common invariant subspace for A and C, K v is or H v = C 2 . 
Hence (K, g) = or (K, g) = (H,f). Thus (H,v) is simple. 
We collect some elementary facts: 

Proposition 2.3. Let (H, /) 6e a finite- dimensional Hilbert represen- 
tation of a quiver T. If (H, f) is simple, then (H,f) is transitive. 

Proof. Assume that (if, f) is not transitive. Then the following two 
cases occur: 

(A) There exists a vertex u e V and an endomorphism T e End(H, f) 
such that T u ^ Ci„ . 

(B) There exist vertices i>i 7^ t> 2 and scalars Ai 7^ A 2 such that T Vl = 
\\I Vl , T V2 = \ 2 I V2 with H VI 7^ and H V2 7^ 0. 

In either case we shall show that there exists a non-trivial subrepresen- 
tation. 

The case (A): There exists a scalar A such that the eigenspace 7^ 
Ker(T u — XI) 7^ H u . For any vertex v define K v = Ker(T v — XI) . Then 
f a (K s (a)) C (K r(a) ), for any edge a e E. In fact, for x G fQ Q ), 

Tr\a) j a-E f aTs(a)% faXx Xf a X. 

Let g a be the restriction of f a to K s ^ . Then (X, (?) is a non-trivial 
subrepresentation of (H, /). 

The case (B): Define a subrepresentation (X, (?) by K v = Ker(T v — Aii) 
and g a = f a \K s{a) - Since K Vl = H Vl and fT„ 2 = 0. (K, g) is a non-trivial 
subrepresentation of (if, /). □ 
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Proposition 2.4. Let T be a finite quiver with no oriented cycles and 
(H,f) a non-zero Hilbert representation ofT. Then (H,f) is simple if 
and only if (H, f) is canonically simple. 

Proof. It is trivial that if (H, f) is canonically simple, then it is simple. 
Conversely assume that (H, f ) is simple. Since T is a quiver with no 
oriented cycles, there is a sink vq in V. First consider the case that 
H VQ 7^ 0. Choose a non-zero vector x G H Vo . Define a representation 
(K, g) of r by K v = Cx if v = t>o and K v — if v ^ vq. Put g a = for 
any a G E. Since v o is a sink, (K, g) is a non-zero subrepresentation 
of (H,f). Since (H,f) is simple, (H, f) = (K,g) . This means that 
(H, f ) is canonically simple. Next consider the general case. Since V 
is a finite quiver with no oriented cycles, there exists a vertex vi in V 
such that H Vl ^ and f a = for any edge a G E with s(a:) = fx. 
Choose a non-zero vector y G if^. Define a representation (L, h) of T 
by L v = Cy if f = v i and = if v 7^ v±. Put /i a = for any a £ E. 
Then (L,h) is a non-zero subrepresentation of (H,f). Since (H,f) is 
simple, (if, /) = (L, /i) . Therefore (H, f) is canonically simple. □ 

Proposition 2.5. Let L 2 be 2-loop, that is, L 2 is a quiver with one 
vertex {v} and two loops {a,f3}. Let T be a bounded operator on an 
infinite dimensional Hilbert space H. Let (H, f) be an infinite dimen- 
sional representation of T such that H v = H and f a = T, fp = T* . 
Then the following conditions are equivalent: 

(1) (H,f) is transitive . 

(2) (H, f) is simple. 

(3) T is irreducible, that is, the commutant {T,T*}' = C. 

Proof. Note that End(H, f) = {Ae B(H) | AT = TA, AT* = T*A}. 
Any subrepresentation is given by a subspace M of H such that TM C 
M and T*M C M. Let P be the projection of H onto M. Then 
this means that P commutes with T and T*. Therefore these three 
condition (1), (2) and (3) are equivalent. □ 

3. Hilbert representations of the Kronecker quiver 

The Kronecker quiver K is a quiver with two vertices {1,2} and two 
paralleled arrows {a, (3}: 

a 

K : 1^2 

p 

A Hilbert representation (H, f) of the Kronecker quiver is given by two 
Hilbert spaces Hi, H 2 and two bounded operators f a , fp : Hi — > H 2 . 

The finite-dimensional indecomposable representations of the Kro- 
necker quiver K was partially classified by Weierstrass and completed 
by Kronecker. Any finite-dimensional indecomposable representation 
is one of the following up to isomorphism: 
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(1) #i = C n , H 2 = C\ f a = XI n + J n , (Jordan block) , A G C, /> = 
I n , n > 1. 

(2) ^ = C\ if 2 = C", / a = I n , = A/ n + J n , (Jordan block) , A G 
C, n > 1. 

(3) H x = C n+1 , H 2 = C\ /„ = [I n , 0], f p = [0, f n ], n > 0. 

r/„ 





(4) H l = C n ,H 2 = C n+ \f ct 



, fp 







,n > 0. 



Moreover the case (2) is reduced to (1) if A 7^ 0. Among these cases, 
any representation (H,f) in (3), (4), n=l of (1) or n = 1 of (2) is 
transitive and End(H, f) = CI. Therefore it is interesting to find an 
infinite-dimensional indecomposable Hilbert representation (H, f) of 
the Kronecker quiver K and one with End(H, f) = CI. 

Example 8 Let K be the Kronecker quiver. Let S be the unilateral 
shift on £ 2 (N). Define a Hilbert representation (H,f) of K by Hi = 
H 2 = £ 2 (N) and f a — I,fp — XI + S, AG C. Then the Hilbert 
representation (H, f) of K is indecomposable and is not transitive. 

Similarly, define a Hilbert representation (L, g) of K by L\ = L 2 = 
£ 2 (N) and g a — I,gp — XI+S*, A G C. Then the Hilbert representation 
(L, g) of K is indecomposable and is not transitive. These are infinite- 
dimensional analog of the case (1) and (2) of the finite-dimensional 
indecomposable representation of K. 

We can replace the unilateral shift by a strongly irreducible operators 
in general. The following proposition shows that strongly irreducible 
operators are important to study Hilbert representations of quivers. 

Proposition 3.1. Let K be the Kronecker quiver. Let A be a bounded 
operator on a Hilbert space H. Let (H,f) be a Hilbert representation 
defined by one of the following forms: 

(1) H 1 = H,H 2 = HJ a = A,fp = I. 

(2) H 1 = H,H 2 = HJ a = IJp = A. , 

If A is strongly irreducible, then the Hilbert representation (H, f) of 
the Kronecker quiver K is indecomposable. The representation (H, f) 
is not transitive unless dim T-L — 1 . Conversely if the Hilbert represen- 
tation (H, f) is indecomposable, then the operator A is strongly irre- 
ducible. 

Proof. Assume that A is strongly irreducible. Let T = (Ti,T 2 ) be in 
Idem(HJ). Then T 2 I = IT X and T 2 A = AT X in either case. Thus 
T\A = AT\ and T\ is an idempotent. Since A is strongly irreducible, 
T\ = or T\ = I. Hence T = or T = I, because T\ = T 2 . Therefore 
(H,f) is indecomposable. Furthermore suppose that dim'H 7^ 1. Since 
A is strongly irreducible, A is not a scalar operator. Then (A, A) is 
in End(H, f) and is not a scalar. Therefore (if, /) is not transitive. 
Conversely, assume that (if, /) is indecomposable. Let Q G H be an 
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idempotent operator such that QA = AQ. Then T = (Q, Q) is in 
End(H, f). Since (H, f) is indecomposable, Q = or Q = I. Hence A 
is strongly irreducible. 

□ 

Lemma 3.2. Let K be the Kronecker quiver. Let A and B be bounded 
operators on a Hilbert space H. Let (H,f) be a Hilbert representation 
defined by H x = H, H 2 = H, f a = A and fp = B. If A is invertible, 
then there exists a bounded operator C on H, such that (H, f) is iso- 
morphic to a Hilbert representation (L, g) with L\ = H, L 2 = H, g a = I 
and gp = C . Conversely if (H, f ) is isomorphic to a Hilbert represen- 
tation (L, g) with g a = I and gp = C , then A is invertible. 

Proof. Put C = A- X B. Then T = {T U T 2 ) := {A, I) gives a desired 
isomorphism of (H,f) onto (L,g). The converse is clear. □ 

Proposition 3.3. Let K be the Kronecker quiver. Let A and B be 
bounded operators on a Hilbert space H. Let (H, f) be a Hilbert repre- 
sentation defined by Hi = H, H 2 = H, f a = A and f@ = B. If xA + yB 
is invertible for some scalars x and y ^ 0, then there exists a bounded 
operator T on H, scalars A ^ and X 1 such that (H, f ) is isomorphic 
to a Hilbert representation (L,g) with L x = H,L 2 = H, g a = T and 
g l3 = X I + X 1 T. 

Proof. Put T ={xA + yB)~ 1 A. Then 

1 1 

(xA + yB)- l B = (xA + yB)~\-(xA + yB) - -A) = -I - —T. 

y y y y 

Therefore T = T 2 ) := (/, (xA + yB)^ 1 ) gives a desired isomorphism 
°f (H, f) onto (L, g). □ 

We shall show that strongly irreducible operators are useful to con- 
struct indecomposable Hilbert representations of n-Kronecker quivers. 

Theorem 3.4. Let K n+ \ be the (n+1)- Kronecker quiver, that is, K n+i 
is a quiver with two vertex {1,2} and n+1 edges {ao, . . . , a n } such that 
s(afc) = 1 and r(at) = 2 for k — 0, . . . , n. Let T be a bounded operator 
on a Hilbert space H. Define a Hilbert representation (M, /) = (Mr, fr) 
of K n+ i by Mi = M 2 = H and f ao = X]fc=o ^kT k for some scalars 
Ao 7^ 0, Ai, . . . , A n and f ak = T k for k = 1, . . . , n. Then the Hilbert 
representation (M, /) is indecomposable if and only if T is strongly ir- 
reducible. Moreover let S be another bounded operator. Then the corre- 
sponding Hilbert representations (M T , f T ) and (Ms, fs) (ire isomorphic 
if and only if T and S are similar. 

Proof. We shall show that 

End{M, f) = {{A, A) e B(H) 2 | AT = TA} 

In fact, let (A, B) e B(Hf be in End(MJ). Then BT k = T k A for 
k = 1, . . . , n and 5(£Lo ^T k ) = (£Lo A fc T fe ) A Hence \ A = X B. 
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Since Ao 7^ 0, we have A = B. Then AT = TA. The converse is clear. 
Therefore 

Idem{M, f) = {(A, A) G B(H) 2 \ AT = TA, A 2 = A} = {0, 1} 

if and only if T is strongly irreducible. The latter half of the statement 
is similarly proved. □ 

Theorem 3.5. Let K be the Kronecker quiver. Then there exist infin- 
itely many infinite- dimensional indecomposable Hilbert representations 
of K which are relatively prime each other. 

Proof. Let S be the unilateral shift on £ 2 (N). For each A G C define an 
indecomposable Hilbert representation (H x , f x ) of K by H x = H£ = 
£ 2 (N) and /* = I, f$ = XI + S. For A,// G C, if \X - fx\ > 2, then we 
shall show that (H x , f x ) and (H^, / M ) are relatively prime each other. 
On the contrary, assume that Hom((H x , f x ), (H^ 1 , f 1 )) 7^ 0. Then 
there exists a non-zero T = (Ti,T 2 ) G Hom{{H x , f x ), /**)). Then 

T 2 I = IT U T 2 (XI + S) = + S)Tl 

Hence 7\ = T 2 and (A — (J,)Ti = ST\ — T±S. Then 

211^11 < IKA-^TiH = \\ST 1 -T 1 S\\<2\\T 1 \\. 

This is a contradiction. Hence Hom((H x , f x ), (H 1 *, f^)) = 0. Similarly 
we have Hom((H», /"), (H x , f x )) =0. □ 

Since relatively prime Hilbert representations are not isomorphic, 
it is clear that there exist infinitely many non-isomorphic infinite- 
dimensional indecomposable Hilbert representations of K. We can 
easily say more. 

Proposition 3.6. Let K be the Kronecker quiver. Then there exist 
uncountably many non-isomorphic infinite- dimensional indecomposable 
Hilbert representations (H,f) of K . 

Proof. Since XI + S and fil + S are not similar for A 7^ /i G C, the 
Hilbert representations (H x , f x ) and (H^, / M ) of the Kronecker quiver 
K are not isomorphic. □ 



Example 9 Let K be the Kronecker quiver. Let S be the unilat- 
eral shift on £ 2 (N). Define a Hilbert representation (H,f) of K by 
Hi = H 2 = £ 2 (N) and f a = SJp = S*. Then the Hilbert represen- 
tation (H, /) of K is not indecomposable, so that (H, f) of K is not 
simple. In fact, let {e n \ n G N} be a canonical basis of £ 2 (N). Define 
L\ = {e n I n G N is odd } and L 2 = {e n \ n G N is even }. Consider the 
restrictions g a = S'|l 1 and gp = S*\l 1 - Then (L,g) is a non-trivial sub- 
representation of (H, /). Similarly define Mi = {e„ | n G N is even } 
and M 2 = {e n \ n G N is odd }. Consider the restrictions h a = S\ Ml 
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and hp = S*\m 1 - Then (M, h) is also a non-trivial subrepresentation of 
(H,f)and(H,f) = (L,g)®(M,h). 

In the following we shall construct infinite-dimensional indecompos- 
able Hilbert representations of the Kronecker quiver which are transi- 
tive. 

A perturbation of a weighted shift by a rank-one operator is crucially 
used to show being transitive. 

Let if be a Hilbert space. Recall that for vectors a, b G H, a rank-one 
operator 6 a ^ is defined by 9 a ,b{ x ) — (x\b)a, x G H. 

Theorem 3.7. Let K = (V,E,s,r) be the Kronecker quiver so that 
V = {1, 2], E = {a, (3} with s(a) = 1, s((3) = 1, r(a) = 2 and r(fa = 
2,. Let S be the unilateral shift on H = £ 2 (N) with a canonical basis 
{ei,e 2 ,...}. For a bounded weight vector A = (Ai,A 2 ,...) G £°° we 
associate with a diagonal operator D\ = diag(\i, A 2 , ...), so that SD\ 
is a weighted shift operator. We assume that Aj ^ Xj if i ^ j . Take 
a vector w = (w^) n G £ 2 (N) such that w n ^ for any n G N. Let 
(H, f ) be a Hilbert representation such that Hi — H 2 — H — £ 2 (N) and 
f a — S, fp — T := SD\ + 9 ei ,w- i-e., fp is a perturbation of a weighted 
shift by a rank-one operator. Then the Hilbert representation (H, f) is 
transitive. 



Proof. We need an infinite matrix presentation of T 

/ W\ U)2 W 3 

Ai 
A 2 
A 3 

y o o o 



T — SD\ + euW — 



J 



Take any (0,^) in End(H, f). Write = (c^tf G B{£ 2 {N)) and 

■ \ 



1> 



( a fa 

71 d u 

72 d 2 i 

V ! ■■■ 



di2 
d 22 



G B(£ 2 (N)). 



Then Sep = 4>S means that 
/ • 

Cll C\2 C13 ■ 
C 2 1 c 22 c 23 • 



V ! 



/ 



/ ft 
d 2 \ 



fa 
di2 
d 22 



fa 
di3 
d 23 



••• / 



Hence we have (cjj)jj 



and 



( fa fa fa •••) = ( • • • ) 
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Therefore we have 







Cll C12 
C21 C 22 



and ^ 



/a ... \ 

71 en C12 ... 

72 c 2 i c 22 ••• 

V ; J 



Next we consider another compatibility condition T0 = ipT. Put c& 
^iQfe- Then we have 



T<t> 



( w 1 w 2 w 3 ■■■ \ 

Ai ••• 

A 2 ••• 

V ■ •• •• •• J 

( c[ c 2 c 3 

AiCn A1C12 A1C13 

A2C21 A2C22 A2C23 



/ c ll C12 C13 

C21 C 22 C 23 

C31 C 32 C33 

V ! '•• ■■■ 



V 

We also have that 



( a 

71 c n c 12 

72 C21 c 22 



\ ( w x w 2 w 3 
Ai 
A 2 



/ 







V 



/ 



awi 



aw 2 



7iiui + cnAi 71W2 + C12A2 

7 2 Wl + C21A1 72^2 + C22A2 



aw 3 
I1W3 + C13A3 

72 W 3 + C23A3 



V 



\ 



/ 



Hence we have the following relations: awi = Cj(i = 1, 2, 3. • • • ) and 

71W1 + CnAi = AiCn, 

71W2 + C12A2 = A1C12, 

71W3 + C13A3 = A1C13, 

Since jiWi + CnAi = AiCn, we have 71 w\ = 0. w\ 7^ implies that 
71 = 0. Therefore C12A2 = A1C12. Since Ai 7^ A2, we have c\ 2 = 0. 
Similarly we have c\j = for j ^ 1. 

Next look at the part including 72 parameter: 

7 2 Wi + C21A1 = A2C21, 72W2 + C22A2 = A2C22, 72^3 + C23A3 = A2C23, 

Since 72 w 2 = and w 2 7^ 0, we have 72 = 0. By a similar argument as 
above, we have c 2 j = for j 7^ 2. In the same way, we have 7i = for 
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any % and Cjj = for % ^ j. Therefore we have that 



1> 



fa ••• \ 

cn ••• 

c 22 ••• 

V ; •. •. •. 



and 



/ c n • • • \ 

c 22 ••• 

c 33 ••• 

V ■ •• •■ •• / 



Since c[ = aw± and c\ = u>icn + w 2 c 2 \ + W3C31 + • • • = w\Cn, we 
have a = cn, because w\ 7^ 0. Similarly the equations c 2 = ctw 2) 
C3 = aw 3 , ■ ■ ■ and to, 7^ 0, we have a = Cu for any i. Hence (0, ■?/>) = 
(al,al). Thus (H,f) is transitive. □ 

Next we shall construct a transitive Hilbert representation of the 
Kronecker quiver in another method. It is a modification of an un- 
bounded operator which provides a transitive lattice by Harrison,Radjavi 
and Rosenthal [HRRJ. 

Let A and B be bounded operators on a Hilbert space "H. Let 
(H( A ' B \ f( A ' B ^) be a Hilbert representation of the Kronecker quiver 
K defined by H\ = "H, -ff 2 f a = A and fp = B. If A is invertible, 
then (if(^s) i s isomorphic to (H^' A ~ lB \ fi 1 ^ 1 ^). Even if A 

does not have a bounded inverse, A~ X B can be an unbounded operator. 
Hence if an unbounded operator C is formally written by C = " A~ 1 B" , 
then we might replace (H^' c \ f^' cy ) by (H^ A ' B \ f {A ' B) ) to keep it in 
the category of bounded operators. We shall adapt the idea to an un- 
bounded operator C which gives a transitive lattice in [HRRj . We also 
modify it a little bit to make a calculation of End(H, f) easier. 

Theorem 3.8. Let K be the Kronecker quiver and % = £ 2 (Z). Fix a 
positive constant A > 1. Consider two weight sequences a = (o(n)) n6 z 
and b = (b(n)) neZ by 



e 



an 



(n > 1, n is even ) J e A " , On > 1, n is odd 

bin] — \ 

(otherwise) , 11, (otherwise) . 



Let D a be a diagonal operator with a = (a(n)) n as diagonal coefficients, 
and Db be a diagonal operator with b = (b(n)) n as diagonal coefficients. 
Let U be the bilateral forward shift. Put A = D a and B = UDf,, so 
that A is a positive operator and B is a weighted forward shift operator. 
Define a Hilbert representation (H x , f x ) of the Kronecker quiver K by 
Hq = %,H X = %, f x = A and fg — B. Then the Hilbert represen- 
tation (H x ,f x ) of K is transitive and is not isomorphic to any of the 



Hilbert representation in Theorem 3. 7 constructed by a perturbation of 



a weighted shift by a rank-one operator. 

Proof. Let {e n }„ e z be the canonical basis of % = I 2 (2,). 

Let T = (Ti,T 2 ) be in End(H x ,f x ). Then T 2 A = AT\ and T 2 B -- 
BTi, that is, T 2 D a = D a Ti and T 2 UD b = UD h Ti. Since (T 2 D a e n 
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e m ) = (D a Tie n \ e m ), we have a{n){T 2 e n | e m ) = a{m){T x e n \ e m ). 
Hence 

(lie n e m ) = — — r(i 2 e n e m ). 
a[m) 

Since (T 2 UD b e n \ e m ) = (UD^tn \ e m ), we have b(n)(T 2 e n+1 \ e m ) = 
(Tie n | b{m — l)e m _i). Replacing m by m + 1, we obtain 

(iie n e m ) = — — r(i 2 e n+1 e TO+1 J. 

Combining these equations, we have $^(T 2 e n \ e m ) = ^(T 2 e n+ i \ 
e m+ i). Put w m = Then w m = e ( ~ A)m for m > 1. 

(T 2 e n+ i | e m+ i) = (T 2 e n | e m ). 

Since m — n component t m>n of T 2 is given by t m n = (T 2 e n \ e m ), 
Wi,n+i = Putting m = n, we have = i n>n . This 

shows that the diagonal of T 2 is a constant. We shall show that T 2 is 
a scalar operator. Suppose that T 2 were not a scalar operator. Then 
there exist integers m ^ n such that t m ^ n 7^ 0. For any integer k > 1, 
we have 

_ Vm+l ' ' ' , 
W n W n+ i ■ ■ ■ W n+k -i 

Define cu{m,n) by WmWm+1 ""'" m+fc ~ 1 = e Cfc(m ' n ). First consider the case 
that m > 1 and n > 1. Then we have 

c fc (m, n) = ((-A) m + (-A) m+1 + • • • + (-A) m+A:_1 ) 

- ((-A) n + (-A)" +1 + • • • + (-A)"'^- 1 ) 

_ (-A)-(l - (-A) fc ) (-A)»(l - (~A) fc ) 
1+A 1+A 

Since lim sup fc Ckijn, n) = 00, we have limsup fc t m+ k <n +k = 00. This 
contradicts to the boundedness of T 2 . The other cases are similarly 
proved. Consequently T 2 = al for some constant a. 

Since {T x e n \ e m ) = ^(T 2 e n | e m ), we have {T x e n | e m ) = for 
m n and (T].e n | e n ) = a for any 11GZ. Hence Ti = T 2 = al. This 
shows that the Hilbert representation (if A , / A ) is transitive. 

The Hilbert representation (H x , f x ) is not isomorphic to any of the 
Hilbert representation (if, f) in 13.71 constructed by a perturbation of a 
weighted shift by a rank-one operator. In fact the image of f a is closed 
but the image of / A is not closed. 

□ 

A little more careful calculation shows that (if A , / A ) and (ii 74 , / M ) 
are not isomorphic if A 7^ //, A > 1 and /i > 1 as follows: 
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Theorem 3.9. Let K be the Kronecker quiver. Then there exist con- 
tinuously many non-isomorphic Hilbert representations (H x , f x ) of the 
Kronecker quiver K which are transitive. 

Proof. Let A and /i be positive constants such that A^//, A > 1 and 
fj, > 1. It is enough to show that Hom((H x , f x ), (H^, /'*)) = 0. We 
shall write A^^B^^a 11, and 6 M for (H^jf 1 ). Take any homomorphism 
(Ti,T 2 ) G Hom{{H x J x ),{H^J' 1 )). Then we have T 2 A A = ATi 
and T 2 B X = B»T V Since (T 2 A x e n \ e m ) = {A»T x e n \ e m ), we have 
a x (n)(T 2 e n | e m ) = (Tie n \ a^(m)e m ). Hence we obtain that 

CL X {n) 

(Tie n | e m ) = ———(T 2 e n \ e m ) 

Next consider (T 2 B x e n | e m ) = {B^T x e n \ e m ). Since (T 2 UD x e n | e m ) = 
(T ie „ | D£U*e m ), we have that b x (n)(T 2 e n+l \ e m ) = b»{m - l)(T ie „ | 
e m _i). Replacing m by m + 1, we obtain 

<"T I ^ - ^( n ) frp I ^ 

Uie n | e m ) — — — r{i 2 e n+ i i e m+ i). 

Combining these equations, we have 

a x (n) b^im) 
\T2^n+\ e m+ i) = — — ; — r (T 2 e n e m ) 
aP(m) o A (n) 



We put = -777-4. Then 



{T 2 e n+1 | e m+1 ) = -^(T 2 e r 



For any integer k > 1, we have 

? /;/* . . . 

//T-i I \ m m+k—1 I rp 

\J-2^n+k | e m+ k) — — 7 T ( i J2e„ 



Define Ck(m,n) by 



W n ■ ■ ■ K+k-l 



m+k-l _ e c k (m,n) 



Then we have 

c k (m, n) = ((-^) m + • • • (-/i)" 1 ^- 1 ) - ((-A)" + • • • (-A)^ 1 ) 

Since /i ^ A, we may and do assume that 1 < A < //. We shall 
show that T 2 = 0. On the contrary, assume that T 2 ^ 0. Then there 
exist integers m, n such that (T 2 e n \ e m ) ^ 0. We can show that 
lim sup fe Cfc(m, n) = oo. For example, if m > 1 and n > 1, then 

w m n ^ _ (-^) m (l - (-/*)*) n _ (-A)"(l + /i)(l-(-A)*) 
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Hence lim sup fc Ck(m, n) = oo. The rest cases are similarly proved. 
But this contradicts that T 2 is bounded. Therefore T 2 = 0. Since 
(Tie n | e m ) = ^Mj(T 2 e n | e m ), we also have Ti=0. This shows that 
T = (Ti,T 2 ) = 0. Hence we have that Hom((H x , f x ), (H», /")) = 0. 
Therefore (H x , f x ) is not isomorphic to (i/ M , □ 

4. Difference between purely algebraic version and 
hllbert space version 

There exist subtle difference among purely algebraic infinite-dimensional 
representations of quivers, infinite-dimensional Banach (space) repre- 
sentations of quivers and infinite-dimensional Hilbert (space) represen- 
tations of quivers. We also note that the analytic aspect of Hardy space 
is quite important in our setting. 

We shall use the following elementary fact: Let A be a unital algebra 
and L(A) be the set of linear operators on A. . Let A : A — > L(A) 
be the left multiplication such that X a x = ax for a,x G A. Similarly 
let p : A — > L(A) be the right multiplication such that p a x = xa for 
a,x G A. Then the commutant 

X(A)' := {T G L(A) | T\ a = \ a T for any a G A} 

is exactly p(A). In fact, let T G \(A)'. Put b = T(l) G A. Then 
TA a (l) = A a T(l) for any a G A. Hence T(a) = ab = p b (a). Therefore 
T = p b . 

Definition. Let T = (V, E, s, r) be a finite quiver. We say that (K, f) 
is a Banach representation of T if K = (K v ) ve v is a family of Banach 
spaces and / = (/ q ) qG _b is a family of bounded linear operators such 
that f a : -fCs( Q ) — > i^r(o) for a E E. A Banach representation (X, /) of 
T is called decomposable if (X, /) is isomorphic to a direct sum of two 
non-zero Banach representations. A non-zero Banach representation 
(if, /) of T is said to be indecomposable if it is not decomposable. 
The other notions are similarly defined for Banach representations. 
A Banach representation (H, f ) is indecomposable if and only if any 
endomorphism of (H, f) which is idempotent is or /. 

Example 10. Let L\ be one-loop quiver, that is, L\ is a quiver with 
one vertex {1} and 1-loop {a} such that s(a) = r(a) = 1. Consider 
a purely algebraic group algebra V\ := C[Z], the reduced group C*- 
algebra K x := C*(Z), the group von Neumann algebra W*(Z) and a 
Hilbert space Hx = £ 2 (Z). We identify V\ with the algebra of finite 
Laurant polynomials. As a set we have inclusions under a certain 
identification: 

v x = c[z] ck 1 = c;(z) c w*{z) c e 2 (z) = h v 

Moreover V\ is a dense subset of Hi with respect to the topology of £ 2 
norm of Hi. Define a purely algebraic representation (V,T) of by 
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V 1 = C[Z] and the multiplication operator T a by z. That is, T a h(z) = 
zh(z) for a finite Laurant polynomial h(z) = J2 n a n z n G C[Z]. Sim- 
ilarly we can define a Banach space representation (X, S) of L x by 
i^i = C*(Z) = C(T) and the multiplication operator by z. 
Since 

End(V,T) = C[Z] c C r *(Z) = C(T) 

and C(T) have no non-trivial idempotents, the purely algebraic rep- 
resentation (V, T) and the Banach representation (K, S) is indecom- 
posable. On the other hand, the multiplication operator U a by z on 
E x = £ 2 (Z) = L 2 (T) gives a Hilbert representation (if, 17). Since ?7 
is a unitary, for any operator A, AU a = U a A implies AU* = U*A. 
Therefore 

End(H, U) ^ {A G 5(£ 2 (Z)) | AC/ Q = C/ Q A} = L°°(T). 

because 7°°(T) is maximal abelian in B(L 2 (T)) ^ B(£ 2 (Z)). Since 
L°°(T) has many non-trivial idempotents, the Hilbert representation 
(i7, U) is noi indecomposable. Therefore the completion by the 7 2 - 
norm changes the indecomposability but the the completion by the sup- 
norm does not change the indecomposability. The example suggests 
that proving indecomposability for Hilbert representations is sometimes 
more difficult than proving indecomposability for purely algebraic rep- 
resentations. 

We shall extend the above example to the n-loop quiver. 

Proposition 4.1. Let L n be the n-loop quiver, that is, L n is a quiver 
with one vertex {1} and n-loops {a^ \k = l,...,n} with s(etk) = 
r(aik) — 1 f or k — l,---,n. Let F n be the (non-abelian) free group 
of n- generators {ai, . . . , a n }. Consider the purely algebraic group alge- 
bra V\ := C[F n ] 7 the reduced group C* -algebra K\ =: C*(F n ), the group 
von Neumann algebra W*(F n ) and a Hilbert space Hi = £ 2 (F n ). Let 
{5 g | g G F n } be a standard basis of Hi = £ 2 (F n ) such that S g (h) = 1 
if g = h and 5 g {h) = if g ^ h. Let A : F n ->■ B{£ 2 {F n )) be the 
left regular representation, that is, A s (5 9 ) = 5 sg . The left regular rep- 
resentation defines a Hilbert representation (H, f) by Hi = £ 2 {F n ) and 
fa k — A afc for k = l,...,n. Define a Banach representation (K,U) 
by its restriction to C*{F n ), that is, K x = C*(F n ) and U ak = A a Jxi 
for k = 1, . . . ,n. We also consider a purely algebraic representation 
(V, T) by representation its restriction to C[F n ], that is, Vi = C[F n ] 
and T ak = X ak \vi f or k = 1, . . . ,n. Then the purely algebraic repre- 
sentation (V, T) and Banach representation (K, U) are indecomposable 
but the Hilbert representation (H, f) is not indecomposable. 

Proof. The reduced group C*-algebra C*(F n ) is the C*-algebra gener- 
ated by {\ s | s G F n } and has no non-trivial idempotents. The group 
von Neumann algebra W*(F n ) is the von Neumann algebra generated 
by {A s | s G F n } and has many non-trivial idempotents. The purely 
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algebraic group algebra C[F n ] is dense in C*(F n ) with respect to opera- 
tor norm and dense in W*(F n ) with respect to weak operator topology. 
Moreover C[F„] is dense in £ 2 (F n ) with respect to £ 2 norm. Define an 
embedding 77 : W*(F n ) — > £ 2 (F n ) by i](T) = T5i. In this sense we have 
inclusions as set: 

C[F n ] C C* r (F n ) c W*(F n ) c £ 2 {F n ). 

Since 

End(H, f)^{Ae B(£ 2 (Z)) \ AB = BA for any B G W*(F n )} 

is the von Neumann algebra generated by the right regular representa- 
tion and isomorphic to W*(F n ), End(H, /) has many non-trivial idem- 
potent. Hence the Hilbert representation (H, f) is not indecomposable. 
On the other hand, 

End(K, U) = C*({ Ps | s G F n }) ^ C* r (F n ). 

Since C*(F n ) has no non-trivial projections, C*(F n ) has no non-trivial 
idempotents. Hence the Banach representation (K, U) is indecompos- 
able. Since 

End(V,T) = C[F n ] cC* r (F n ) 

have no idempotents, the purely algebraic representation (V, T) is also 
indecomposable. □ 

The same phenomenon occurs for (n + l)-Kronecker quiver by a 
similar argument. 

Proposition 4.2. Let K n+1 be the n + 1-Kronecker quiver , that is, 
K n+ i is a quiver with two vertex {1, 2} and n + 1 edges . . . , a n+ i} 
such that s(aik) — 1 an d r(otk) = 2 for k — 1, . . . , n + 1. Let F n be the 
(non-abelian) free group of n- generators {a±, . . . , a n }. Define a Hilbert 
representation (H, f) of K n+1 by Hi = H 2 = £ 2 {F n ) and f ak = X ak for 
k = 1, ... ,n and f an+1 = I ■ We also define a Banach representation 
(K, U) and a purely algebraic representation (V, T) of K n+1 by the re- 
striction to C*(F n ) and C[F n ] respectively: Let K ± — K 2 — C*(F n ) and 
U ak = \ ak \ki for k = 1, . . . , n + 1. We also put V\ — V 2 — C[F n ] and 
T ak = A 0fc |vi for k = 1, . . . ,n+l. Then the purely algebraic representa- 
tion (V, T) and Banach representation (K, U) are indecomposable but 
the Hilbert representation (H, f) is not indecomposable. 

Proof. Since End(H, f) ^ {(A, A) e B(£ 2 (Z)) 2 \ AB = BA for any B G 
W*(F n )} is isomorphic to W*(F n ) and End(H, f) has many non-trivial 
idempotents, the Hilbert representation (H, f) is not indecomposable. 
On the other hand, 

End(K,U) {(A, A) e (C* r [F n ]) 2 \ A e C* r [F n ]} 

and 

End(V,T) = {(A, A) G C[F n ] 2 | A G C[F n ]}, 
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have no non-trivial idempotents, (K, U) and (V, T) are indecomposable. 

□ 



Example 11. Let L\ be one- loop quiver, that is, L\ is a quiver with 
one vertex {1} and 1-loop {a} such that s(a) = r(a) = 1. Consider 
two infinite-dimensional spaces the polynomial ring C[z] and the Hardy 
space H 2 (T). Then C[z] is dense in H 2 (T) with respect to the Hilbert 
space norm. 

Define a purely algebraic representation (V,T) of L\ by V\ = C[z] 
and the multiplication operator T a by z. That is, T a h(z) = zh(z) for 
a polynomial = X^ "- 2 ™- Since End(V,T) = C[z] have no idem- 
potents, the purely algebraic representation (V, T) is indecomposable. 

Next we define a Hilbert representation (if, 5) by ifi = H 2 (T) and 
(S'q = T z the Toeplitz operator with the symbol z. Then = T z is 
the multiplication operator by z on iJ 2 (T) and is identified with the 
unilateral shift. Then 



is the algebra of analytic Toeplitz operators and isomorphic to H°°(T). 
By the F. and M. Riesz Theorem, if / G H 2 (T) has the zero set of 
positive measure, then / = 0. Since H°°(T) = H 2 (T) n L°°(T), H°°(T) 
has no non-trivial idempotents. Thus there exists no non-trivial idem- 
potents which commutes with T z and Hilbert space (H, S) is indecom- 
posable. In this sense, the analytical aspect of Hardy space is quite 
important in our setting. 

Any subrepresentation of the purely algebraic representation (V, T) 
is given by the restriction to an ideal J = p(z)C[z] for some polyno- 
mial p(z). Any subrepresentation of the Hilbert representation (H,S) 
is given by an invariant subspace of the shift operator T z . Beurling 
theorem shows that any subrepresentation of (H, S) is given by the re- 
striction to an invariant subspace M = tpH 2 (T) for some inner function 
ip. For example, if an ideal J is defined by 



for some distinct numbers Ai, . . . X n G C, then the corresponding poly- 
nomial p(z) is given by p(z) = (z — Ai) . . . (z — A„). The case of Hardy 
space is much more analytic. We shall identify H 2 (T) with a subspace 
H 2 (D) of analytic functions on the open unit disc D. If an invariant 
subspace M is defined by 



End(H, S) = {A E B(H 2 (T)) \ AT Z = T Z A} 
= {7> e B(H 2 (T)) | G H°°(T)} 



J = {f(z) G C[z] | /(AO 



/(An) = 0} 



M = {feH 2 (B) | /(AO 



/(A n ) 



0} 
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for some distinct numbers Ai, . . . A n G D, then the corresponding inner 
function ip is given by a finite Blaschke product 

/ \ [z- Ai) (z - A n ) 

ip{z) = . . . . 

1 — X\z 1 — \ n z 

Here we cannot use the notion of degree like polynomials and we must 
manage to treat orthogonality to find such an inner function ip. 

5. HlLBERT REPRESENTATIONS AND RELATIVE POSITION OF 

SUBSPACES 

We studied relative position of subspaces of a Hilbert space in |EWlj . 
[EW2j and Hilbert representations of quivers in [EW3] . In this section 
we shall describe a relation between them, which is similar to purely 
algebraic situation and easy but quite suggestive. Therefore we shall 
describe it here. 

Let if be a Hilbert space and Ex, . . . E n be n-subspaces in H. Then 
we say that S = (H; Ei, . . . , E n ) is a system of n-subspaces in H. Let 
T = (K; Fx, . . . , F n ) be another system of n-subspaces in a Hilbert 
space K. Then <p : S — > T is called a homomorphism if tp : H — > K is 
a bounded linear operator satisfying that <p(Ei) C F^ for i — 1, . . . , n. 
And ip : S — > T is called an isomorphism if p> : H — > K is an invertible 
(i.e., bounded bijective) linear operator satisfying that <p(Ei) = Fi 
for i = l,...,n. We say that systems S and T are isomorphic if 
there is an isomorphism p> : S — ^ T ■ This means that the relative 
positions of n subspaces (Ex, ■ ■ ■ , E n ) in H and (Fx, . . . , F n ) in K are 
same under disregarding angles. We denote by Hom(S, T) the set 
of homomorphisms of S to T and End(S) := Hom(S,S) the set of 
endomorphisms on S. A system S = (H; Ex, ... , E n ) of n subspaces 
is called decomposable if the system S is isomorphic to a direct sum 
of two non-zero systems. A non-zero system S = (H; Ex, ■ ■ ■ , E n ) of 
n-subspaces is said to be indecomposable if it is not decomposable. 

We recall that strongly irreducible operators A play a crucial role 
to construct indecomposable systems of four subspaces. Moreover the 
commutant {A}' corresponds to the endomorphism ring. 

Theorem 5.1 QEWlJ). For any single operator A e B(K) on a Hilbert 
space K , let Sa = (H; Ex,E 2 ,E 3 , E±) be the associated operator system 
such that H — K © K and 

Ex = K © 0, E 2 = © K, E 3 = {(x, Ax); x G K}, E A = {(y,y);y G K}. 
Then 

End(S A ) = {T © T G B(H); T G B(K), AT = TA} 

is isomorphic to the commutant {A}. The associated system Sa of four 
subspaces is indecomposable if and only if A is strongly irreducible. 
Moreover for any operators A,BE B(K) on a Hilbert space K, the 
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associated systems Sa and Sb are isomorphic if and only if A and B 
are similar. 



Example 12. We shall apply the above theorem to the famous 
facts on weighted shift operators and analytic function theory, see A. 
Shields |Sh] . Let a = (a n )„ £ N be a bounded sequence and W a be 
the associated weighted unilateral shift. Then the associated system 
Sw a of four subspaces is indecomposable if and only if W a is strongly 
irreducible if and only if a n ^ for any n G N. Let b = (6 n )„ S N be 
another bounded sequence. Then the associated system Sw a and S\y b 
are isomorphic if and only if W a and Wf, are similar if and only if there 
exist positive constants G\ and C 2 such that for any n£N 

o < d < ^ • • • °r\ < c 2 . 

\bi ■ ■ ■ o n \ 

Moreover End(Sw a ) is isomorphic to the commutant {Wa}', which is 
isomorphic to the "analytic" algebra H°°((3) in the sense of |Shj . that 
is, the class of formal power series such that (f)H 2 (/3) C H 2 (/3), where 
0o = 1, f3 n = a$ai . . . a n _i and 

oo oo 

H 2 (f3) = {f\f(z) = Y,^, ^|c„/3„| 2 < oo}. 

n=0 n=0 

It is easy but fundamental to see that the study of relative po- 
sitions of subspaces is reduced to the study of Hilbert representa- 
tions of quivers. In particular the indecomposabilty is preserved: Let 
S = (H; Ex,..., E n ) be a system of n-subspaces in a Hilbert space 
H. Let R n = (V, E, s, r) be a n subspace quiver such that V = 
{1, 2, . . . , n, n + 1} and E = {a^ \ k — 1, . . . , n) with s(ctk) = k and 
r(ctk) = n + 1 for k — 1, . . . , n. Then there exists a Hilbert representa- 
tion (K, f) of R n such that K k = E k , K n+ i = H and f ak : E% — > H is 
an inclusion for k = 1, . . . , n. Then there exists an algebra isomorphism 

9 : End(S) End(K, f) 

such that 0(ip) = {^K^^y for tp e End(S). Therefore it is clear that 
the system S of n subspaces is indecomposable (resp. transitive) if and 
only if the corresponding Hilbert representation (K, f) is indecompos- 
able (resp. transitive). 

We shall show a converse in a sense as same as the purely algebraic 
version. 

Lemma 5.2. Let T = (V, E, s, r) be a finite quiver without self-loops 
such that V = {v\, . . . , v n } and E = {a x , . . . , a m }. Let (K, f) be a 
Hilbert representation ofT . Then there exists a system S = (H; E±, . . . , E n+m ) 
of n + m-subspaces such that End(K, f) = End(S). 
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Proof. Let H = K V1 ®K V2 @-- -@K Vn . Define E t = 0©- • -@K V .@- ■ -©0 
for % = 1, 2, . . . , n. For j = 1, . . . , m, consider 

f aj '■ K s ( a .) ->■ K r ( aj y 

Define 

£ n+j = "graph / aj " := {x = (x fc ) fe G # | 

x = (0,...,0,z,...,f a .(z),0...,0) z G K s ( aj y f a .(z) G #r( aj )}. 

Then S := (if; . . . , E n+m ) is a system of n + m-subspaces. 

For T = (T Vk ) k G End(K, /), define a bounded operator S : H ^ H 
by S = diagonal(T vl , . . . , T„ n ). Then it is clear that S(Ei) C £"j for z = 
1, . . . ,n. Since T T<yCtj) f aj = f aj T s ( a .y S(E n+j ) C K+i for j = 1, . . .m. 
Hence <p{T) = S define a homomorphism if : End(K, /) — >■ i?no? S. 
Conversely Let S be in End S. Since S(Ei) G Ei for i = 1, ... ,n, 
we can define bounded operators T Vi : — > K Vi such that 5 = 
diagonal(T Vl , . . . ,T Vn ). Since S(E n+ j) C ^n+j for j = l,...m, we 
have T r ( aj) f aj = f aj T s{aj) . This shows that T := (T Vk ) k G End(K,f). 
Hence '^(5') = T define a homomorphism ip : End S — > End(K,f). 
Since ip o ip = id and ip o ip = id, End(K, f) = End{S). □ 

Theorem 5.3. Let T = (V, E, s, r) be a finite quiver. Let (K, /) &e a 
Hilbert representation ofT. Then there exists a natural number n and 
a system S of n-subspaces such that End(K, f) = End(S). 

Proof. Let T = (V, E, s, r) be a finite quiver and (K, /) a Hilbert 
representation of T. Then there exists another finite quiver V = 
(V, E', s, r) without self-loops and a Hilbert representation (K', /') of 
r such that End(KJ) = End(K'J'). In fact, replace "locally" each 
n-loop ofi, . . . , a n : v — > v by (n+1)- Kronecker-like edges . . . , (3 n+ i : 
w — > v' to get r'. Any edge 7 : v — > v) is also replaced by 

7' : v' — > w. Then 

Define (K', f) by K' v = K v and ^, = K v , and = f ai , . . . , f' Pn = 
f an and f'p n+1 = id. We also put /'/ = / 7 . Then we have End(K, f) = 
End(K',f). Next apply the lemma I5T21 for the finite quiver T' = 
(V, E', s, r) without self-loops and a Hilbert representation (K', /') of 

r. ' □ 

References 

[Au] M. Auslander, Large modules over artin algebras. In: Algebra, Topology and 
Category Theory, Academic Press New York (1976), 1-17. 

[BGP] I. N. Bernstein, I. M. Gelfand and V. A. Ponomarev, Coxeter functors and 
Gabriel's theorem, Russian Math. Surveys, 28 (1973), 17-32. 

[DZ] A. Dean and F. Zorzitto, A criterion for pure simplicity, J. Algebra 132, 
(1990), 50-71. 

[DR] V. Dlab and C. M. Ringel, Indecomposable representations of graphs and 
algebras, Memoirs Amer. Math. Soc. 6 (1976), no. 173. 

25 



[DF] P. Donovan and M. R. Freislish, The representation theory of finite graphs 
and associated algebras, Carleton Math. Lect. Notes, Vol. 5, 1973, pp. 1-119. 

[EW1] M. Enomoto and Y. Watatani, Relative position of four subspaces in a 
Hilbert space, Adv. Math. 201 (2006), 263-317. 

[EW2] M. Enomoto and Y. Watatani, Exotic indecomposable systems of four sub- 
spaces in a Hilbert space, Integral Equations Operator Theory 59 (2007), 149- 
164. 

[EW3] M. Enomoto and Y. Watatani, Indecomposable representations of quivers 
on infinite- dimensional Hilbert spaces, J. Funct. Anal. 256 (2009), 959-991. 

[Fi] U. Fixman, On algebraic equivalence between pairs of linear transformations, 
Trans. Amcr. Math. Soc. 113 (1964), 424-453. 

[Ga] P. Gabriel, Unzerlegbare Darstellungen I, Manuscripta Math. 6 (1972), 71-103. 

[GR] P. Gabriel and A.V. Roiter, Representations of Finite-Dimensional Algebras, 
Springer- Verlag, 1997. 

[GP] I. M. Gelfand and V. A. Ponomarev, Problems of linear algebra and classi- 
fication of quadruples of subspaces in a finite- dimensional vector space, Coll. 
Math. Spc. Bolyai 5, Tihany (1970), 163-237. 

[Gi] F. Gilfeather, Strong reducibility of operators, Indiana Univ. Math. J. 22, 
(1972), 393-397. 

[GHJ] F. Goodman, P. de la Harpe and V. Jones , Coxcter Graphs and Towers of 
Algebras, MSRI Publications, 14, Springer, Berlin, 1989. 

[HRR] K.J. Harrison, H. Radjavi and P. Rosenthal, A transitive medial subspace 
lattice, Proc. Amer. Math. Soc. 28 (1971), 119-121. 

[JW1] C.Jiang and Z. Wang, Strongly Irreducible Operators on Hilbert Space, Long- 
man, 1998. 

[JW2] C.Jiang and Z. Wang, Structure of Hilbert Space Operators, World Scientific, 
2006. 

[Ka] V. G. Kac, Infinite root systems, representations of graphs and invariant the- 
ory, Invent. Math. 56 (1980), 57-92. 

[KR] H. Krause and C. M. Ringel, ed., Infinite Length Modules, Birkhauscr, 2000. 

[KRo] S. A. Kruglyak and A. V. Roiter, Locally scalar representations of graphs in 
the category of Hilbert spaces, Funct. Anal. Appl. 39 (2005), 91-105. 

[KRS] S. Kruglyak, V. Rabanovich and Y. Samoilcnko, On sums of projections, 
Functional Anal. Appl., 36(2002), 182-195. 

[MS] Y. P. Moskaleva and Y. S. Samoilcnko, Systems of n subspaces and represen- 
tations of *-algebras generated by projections, Methods Funct. Anal. Topology 
12 (2006), no. 1, 57-73. 

[Nal] L. A. Nazarova, Representations of quadruples, Izv. Akad. Nauk SSSR Ser. 
Mat. 31 (1967), 1361-1377. 

[Na2] L. A. Nazarova, Representation of quivers of infinite type, Izv. Akad. Nauk 
SSSR, Ser. Mat., 37 (1973), 752-791. 

[Ok] F. Okoh, Applications of linear functional to Kronecker modules I, Linear 
Algebra Appl. 76 (1986), 165-204. 

[RR] H. Radjavi and P. Rosenthal, Invariant Subspaces, Springer- Verlag, 1973. 

[Ril] CM. Ringel, Infinite dimensional representations of finite dimensional hered- 
itary algebras, Symposia Mathematica 23 (1979), Istituto Naz. Alta Matemat- 
ica. 321-412. 

[Ri2] CM. Ringel, Infinite length modules, Some examples as introduction, Infinite 

Length Modules, Birkhauser, Basel, 2000, 1-73. 
[Sh] A. L. Shields, Weighted shift operators and analytic function theory, Topics in 

OperatorTheory, Math. Surveys Monographs, Amer. Math. Soc, Providence, 

RI 13 (1974), 49-128 



26 



(Masatoshi Enomoto) Institute of Education and Research, Koshien 
University, Takarazuka, Hyogo 665-0006, Japan 

(Yasuo Watatani) Department of Mathematical Sciences, Kyushu Uni- 
versity, Motooka, Fukuoka, 819-0395, Japan 



27 



